A recent article ͓J. M. Carcione and G. Seriani, J. Comput. Phys. 170, 676 ͑2001͔͒ proposes a modeling algorithm for wave simulation in a three-phase porous medium composed of sand grains, ice, and water. The differential equations hold for uniform water ͑ice͒ content. Here, we obtain the variable-porosity differential equations by using the analogy with the two-phase case and the complementary energy theorem. The displacements of the rock and ice frames and the variation of fluid content are the generalized coordinates, and the stress components and fluid pressure are the generalized forces. We simulate wave propagation in a frozen porous medium with fractal variations of porosity and, therefore, realistic freezing conditions.
I. INTRODUCTION
Wave propagation in frozen porous media is a subject which has practical application in many fields, as for instance, seismic prospecting in polar areas ͑permaforst͒, 1 evaluation of gas-hydrate concentration in ocean-bottom sediments, 2 and nondestructive evaluation of frozen food by ultrasonic methods. 3, 4 These applications require the knowledge of the degree of freezing of the interstitial water. Freezing has a negligible effect on density and magnetic permeability, precluding the use of gravimetric and magnetic techniques, but have a remarkable effect on wave velocities ͑see Timur, 5 Carcione and Seriani 6 ͒. Hence, seismic and acoustic methods constitute the best way for quantifying the amount of ice and water and determining the degree of freezing.
A Biot-type three-phase theory based on first principles has been proposed by Leclaire et al. 7 The theory, which assumes that there is no direct contact between the sand grains and ice, predicts three compressional waves and two shear waves and can be applied to unconsolidated and consolidated porous media. Carcione and Tinivella 2 have generalized the theory to include grain-ice interaction and grain cementation with decreasing temperature, and show an application for the evaluation of gas-hydrate concentration. Carcione and Seriani 8 designed a modeling algorithm based on this new theory. Moreover, they have introduced realistic attenuation by using viscoelastic memory variables, implying additional differential equations.
However, the Lagrangian formulation used by Leclaire et al. 7 and, consequently, the differential equations solved by Carcione and Seriani, 8 hold for uniform porosity, since the average displacements of the solid and fluid phases are used as Lagrangian coordinates and the respective stress components are used as generalized forces. These equations are analogous to Biot's 1956 equations describing wave propagation in a two-phase porous medium, 9 which hold for constant porosity. The equations for variable porosity were derived by Biot in 1962, 10 where he proposed the displacements of the matrix and the variation of fluid content as generalized coordinates. In this more general case, the corresponding generalized forces are the total stress components and the fluid pressure. The equations in Ref. 10 are the correct ones for describing wave propagation in an inhomogeneous medium, because they are consistent with Darcy's law and the boundary conditions at interfaces separating media with different properties.
In this article, we obtain the constitutive equations and the equations of momentum conservation of the frozen porous medium by using the analogy with the corresponding two-phase equations of motion, and the complementary energy theorem under small variations of the stresses. The latter approach is illustrated by Santos et al. 11 for a partially saturated porous medium and by Biot 10 and Carcione 12 for a saturated porous medium.
II. EQUATIONS OF MOTION
In order to obtain the variable-porosity equations of motion, we proceed by analogy with the two-phase case and use the variation of fluid content and fluid pressure as conjugate variables. Let us indicate by 1, 2, and 3 the field variables related to the rock frame, water, and ice frames, respectively ͑the subindices ''s,'' ''w,'' and ''i'' refer to the sand grains, water, and ice particles͒. Hereafter, the subscripts i and j refer to the spatial variables, and m indicates the constituent. Consider an elementary volume of porous material, where ⍀ m are the partial volumes and ⍀ is the total volume. The amount of ice per unit volume of solid is denoted by I. That is, Iϭ⍀ 3 /(⍀ 1 ϩ⍀ 3 ), and the water proportion is w ϭ⍀ 2 /⍀ϭ⍀ 2 /(⍀ 1 ϩ⍀ 2 ϩ⍀ 3 ).
The following relations hold
where s and i are the proportions of sand grains and ice. For a given s , the range of I is 0рIр1Ϫ s . Alternatively, the ice content ͑or saturation͒ can be defined as IЈ ϭ⍀ 3 /(⍀ 2 ϩ⍀ 3 ). Then,
with 0рIЈр1. Note that by porosity we mean the water proportion w and not the porosity when the rock is completely unfrozen. The latter is the actual rock porosity, given by i ϩ w ϭ1Ϫ s .
A. Conservation of momentum
The equations of momentum conservation for constant porosity can be found in Leclaire et al., 7 Carcione and Tinivella, 2 and Carcione and Seriani. 8 In the last two articles, the interaction between sand grains and ice has been included and, in addition, the stiffening of the rock frame due to grain cementation by ice at freezing temperatures. The three-dimensional equations of momentum conservation can be expressed as
where subscripts i, jϭ1, 2, and 3 represent the x, y, and z spatial variables, the 's are macroscopic stress components, the v's are macroscopic particle velocities ͑per unit volume of porous material͒, the 's are density coefficients, and the 10, 12 in the limit of full water saturation. Expressions of the physical quantities are given in Appendix A, and their physical meaning is explained in Carcione and Tinivella 2 and Carcione and Seriani. 6, 8 The analysis in Appendix B shows that the relative displacement of the fluid relative to the rock and ice frames ͑taken as a composite͒ is
where the u's denote the macroscopic displacements (v ϭu ), w is the proportion of water, and I is the ice content ͑see Appendix A͒. Alternatively, we can define
where
are the familiar two-phase relative displacements. 10 Substituting Eq. ͑4͒ into ͑3͒ and using the expressions given in Appendix A, we obtain for the solid phases: On the other hand, the second Eq. ͑3͒ can be rewritten as
where s and i are the rock-and ice-frame permeabilities, and w is the viscosity of water. Alternatively, Eq. ͑9͒ can be expressed as
where p f is the fluid pressure, satisfying (2) is the effective permeability. Defining the total stress as
͑14͒
its divergence can be obtained by using Eqs. ͑7͒, ͑8͒, ͑10͒, and ͑11͒. It gives
In the case that the two frames move in phase and their properties are similar, we have v i (3) ϭv i (1) , and Eqs. ͑10͒ and ͑15͒ reduce to the equations of motion of the two-phase case ͑see, for instance, Biot 10 and Eqs. ͑7.210͒ and ͑7.211͒ in Carcione 12 ͒.
B. Stress-strain relations
The three-dimensional stress-strain relations for constant porosity are given by
where K, C, and are moduli whose expressions are given in Appendix A:
are the dilatations, deviatoric components of strain and strain components, respectively ͑implicit summation over the repeated index i is assumed͒, and ␦ i j represents Kronecker's delta. The constitutive equations corresponding to the twodimensional case are obtained by removing one of the dimensions ͑say, the y dimension͒, and replacing the coefficients K 1 ϩ4 1 /3 and K 1 Ϫ2 1 /3 by K 1 ϩ 1 and K 1 Ϫ 1 , respectively ͑which appear when the equations are rewritten in terms of the strain components 8 ͒. Similarly, C 13 ϩ2 13 /3 and C 13 Ϫ 13 /3 are to be replaced by C 13 ϩ 13 /2 and C 13 Ϫ 13 /2, respectively.
We introduce the variation of fluid content as the divergence of the relative displacement vector defined in Eq. ͑4͒:
which, for constant porosity, becomes
Substituting 2 by (1ϪI) 1 ϩI 3 Ϫ/ w into Eq. ͑16͒ yields
The total stress ͑14͒ is then given by
͑22͒
The analogy between these equations and those corresponding to a two-phase porous medium is evident. The second Eq. ͑20͒ and Eq. ͑22͒ correspond to Eqs. ͑7.32͒ and ͑7.33͒ of Carcione, 12 the K Gm , mϭ1 and 3 are analogous to Gassmann's modulus, and the ␣ m are analogous to the effective stress coefficients predicted by Biot theory. 10, 12 If we consider the isostrain state, 1 ϭ 2 ϭ 3 , ϭ0 and we have the conditions of a ''closed system.'' In this case, the bulk modulus is
The modulus K G is a generalization of the Gassmann ͑low frequency͒ modulus of the classical Biot theory. 13 Equations ͑7͒, ͑8͒, ͑10͒, and ͑20͒ constitute the equations of motion of the three-phase porous medium valid for variable porosity, since they are expressed in terms of the stress components of the solid phases, fluid pressure, and variation of fluid content. A justification that these are the correct generalized coordinates, based on the complementary energy theorem is given in Sec. III.
III. STRAIN ENERGY
The variation in strain energy for small variations of the stresses is obtained in Appendix B. ͑The approach is based on the complementary energy theorem.͒ It is given by
where i j (m) are the average stress components per unit volume of solid ͑grains plus ice͒. Since the properties in the elementary ⍀ are constant ͑although they may vary point to point in the porous medium͒, we can express ͓on the basis of Eq. ͑25͔͒ the strain energy as
where we have used the relation i j (m) ϭ m i j (m) , with 1 ϭ1ϪI and 3 ϭI. The two-phase strain energy 10, 12 is obtained when the two solids move in phase (
It is clear from Eq. ͑27͒ that the generalized coordinates regard the strain components ⑀ i j (1) , ⑀ i j (3) , and , and the corresponding generalized forces are i j 
12
A more rigorous demonstration of the validity of the variable-porosity formulation obtained here is given in another work, 14 where the equations of motion are obtained by using the virtual work principle based on small variations of the displacements and Lagrange's equations. A theorem on the existence, uniqueness, and regularity of the solution of the equations of motion under appropriate initial and boundary conditions is also given.
IV. VELOCITY-STRESS FORMULATION
The numerical algorithm requires to recast the equation of motion in the velocity-stress formulation. 8 The velocitystress formulation are first-order differential equations ͑in the space and time variables͒, where the unknown variables are the particle velocities and stress components. The equations of momentum conservation can then be rewritten by using Eqs. ͑7͒, ͑8͒, and ͑10͒ as
,
where .
͑30͒
The equations for the stress components are obtained by differentiating Eqs. ͑20͒ with respect to the time variable, and using the relations
vϭMvϩs, ͑31͒
is the unknown velocity-stress vector of dimension 22 in 3D space and dimension 13 in 2D space sϭ͓0,0,0,0,0,0,0,0,0,
is the source vector ͑3D space͒, and M is the propagation matrix containing the spatial derivatives and material properties. ͑Sources are added to the stress components and fluid pressure.͒
V. NUMERICAL ALGORITHM
The solution to Eq. ͑31͒ subject to the initial condition v(0)ϭv 0 is formally given by
where exp(tM) is called evolution operator.
As in the constant porosity case, 8 the eigenvalues of M have negative real parts and differ greatly in magnitude due to the viscosity terms. The presence of large eigenvalues, together with small eigenvalues, indicates that the problem is stiff. The differential equations are solved with the splitting algorithm used by Carcione and Seriani. 8 The propagation matrix can be partitioned as
where subscript r indicates the regular matrix, and subscript s the stiff matrix. We discretize the time variable as t ϭndt, where dt is the time step. The evolution operator can be expressed as exp(M r ϩM s )t. It is easy to show that the product formula
is second-order accurate in dt. Equation ͑36͒ allow us to solve the stiff part separately. Using the Kronecker product '''' of two matrices, the stiff matrix in two-dimensional space can be expressed as
where I 2 is the 2ϫ2 identity matrix. We should solve
for each Cartesian component i, where
and the components of S are The solution of the vector differential Eq. ͑38͒, with this condition, is given in Carcione and Seriani. 8 The time stepping method is a Runge-Kutta fourthorder algorithm, and the spatial derivatives are calculated with the Fourier method by using the FFT. 12 This spatial approximation is infinitely accurate for band-limited periodic functions with cutoff spatial wave numbers which are smaller than the cutoff wave numbers of the mesh. Due to the splitting algorithm, the modeling is second-order accurate in the time discretization. The method is illustrated in detail in Carcione and Helle 15 for a two-phase medium and in Carcione and Seriani 8 for a three-phase medium.
VI. EXAMPLE
To illustrate the use of the variable-porosity differential equations, we consider wave propagation in a frozen sandstone with an average ͑real͒ porosity of 20% when the medium is unfrozen (1Ϫ s ϭ0.2) . The data ͑see Table I͒ correspond to Berea sandstone, with the properties given by Timur 5 and Winkler. 16 The dry-rock bulk and shear moduli are K sm ϭ14.4 GPa and sm0 ϭ13.1 GPa; the rock-frame and ice-frame permeabilities are s0 ϭ1.07ϫ10 Ϫ13 and i0 ϭ5 ϫ10 Ϫ4 m 2 ; and the fluid viscosity is w ϭ1.8 cP (1 cP ϭ0.001 Pa s). We assume a 13 ϭa 31 ϭ1 and no friction between the rock and ice frames (b 13 ϭ0). Figure 1 shows the phase velocities of the five wave modes versus water proportion, where the compressional waves are labeled P1, P2, and P3, and the shear waves are labeled S1 and S2. The velocities at different freezing conditions are indicated. At full water saturation ( w ϭ0.2, I ϭ0) three waves propagate, and the velocities are those predicted by Biot's theory.
We consider a 357ϫ357 mesh, with square cells and a grid spacing of 0.84 mm ͑the sample has a dimension of 30ϫ30 cm). Fractal variations of porosity ͑water content͒ are computed as described in Appendix C. The case w ϭ0.1 ͑50% water saturation͒ and ⌬ϭ0.1 is shown in Fig.  2 . This model includes regions of full water and ice saturation.
Let us consider an ultrasound experiment, where the source pulse has a dominant frequency of 500 kHz and consists of bulk sources and shear forces in the rock frame and ice matrix and a fluid-volume injection in the fluid. Snapshots of the wavefield (v z (1) component of the sand grain and ice frames͒, corresponding to w ϭ0.1 (Iϭ0.5), ͑a͒ ⌬ϭ0 and ͑b͒ ⌬ϭ0.1, are shown in Figs. 3͑a͒ and 3͑b͒, ͑see Appendix C͒. The ratio maximum amplitude in v z (1) ͑sand͒ ͑a͒ to maximum amplitude in v z (3) ͑ice͒ ͑a͒ is 26. The ratio is 62 for the snapshots in Fig. 3͑b͒ . ͑Waves S2 and P3 are aliased, since the mesh ''supports'' a minimum velocity of 960 m/s according to the Nyquist criterion.͒ We have considered an ideal fluid ( w ϭ0) in order to appreciate the scattering effects in the slow modes also. For a real fluid ( 0), the slow modes are weaker but are still propagating modes, as can be deduced from the phase velocities shown in Fig. 1 . The energy of the slow waves P2, S2, and P3 propagate mainly in the ice frame. Besides scattering, mode conversion occurs at heterogeneities.
The nature of the different wave modes is the following: ͑i͒ P1 and S1 are the usual waves which we observe in acoustics of material media. They correspond to all the phases moving in phase, and propagate irrespective of the value of the viscosity and permeabilities; ͑ii͒ P2 is the Biot wave. It is a propagation mode for full water saturation and b 12 ϭ0 ͑the case in Fig. 3, i. e., zero viscosity or infinite rockframe permeability͒ and a quasistatic mode for full water saturation and b 12 0 ͑assuming realistic values of viscosity and permeability͒; ͑iii͒ P2 and S2 are propagation modes in the presence of ice ͑excluding w ϭ0, as previously mentioned͒. These modes become waves with increasing freezing and are strong in the ice frame, as predicted by the images in Fig. 3 . ͑iv͒ P3 is quasistatic at zero and full water saturations, even in the absence of friction between the phases. This wave could probably be observed in synthetic partially frozen materials and under very particular conditions, e.g., a fluid of negligible viscosity ͑obviously not water͒ and a highly permeable porous medium. ͑v͒ The condition of no slow-wave motion in the solid/solid case ͓the case of a totally frozen medium ( w ϭ0) ͑see Fig. 1͔͒ is found for very low water saturation ͑the velocities of P3 and S2 vanish at w ϭ0). Figure 4 shows time histories of the particle-velocity component v z (1) ͑sand-grain frame͒ for w ϭ0.1 (Iϭ0.5), ⌬ϭ0 ͑solid line͒, ⌬ϭ0.05 ͑dashed line͒, and ⌬ϭ0.1 ͑dotted line͒. In this case the viscosity is w ϭ1.8 cP. The amplitude of the P1 wave ͑pulse at 15 s͒ is not affected, but that of the S1 wave ͑pulse at 23 s͒ increases with increasing degree of heterogeneity ͑increasing ⌬͒.
Time histories of v z (1) ͑sand-grain frame͒ for different freezing conditions are shown in Fig. 5 . They correspond to w ϭ0.1 (Iϭ0.5) ͑solid line͒, w ϭ0.03 (Iϭ0.9) ͑dashed line͒, and w ϭ0.18 (Iϭ0.15) ͑dotted line͒, with ⌬ϭ0.02 in all the cases. The pulses are the P1 and S1 waves, whose velocities are given in Fig. 1 . The time histories indicate that, as expected, the waves are slower for increasing water content. 3 . Snapshots of the rock-frame particle-velocity component v z at 37 s, corresponding to w ϭ0.1, ͑a͒ ⌬ϭ0 ͑homogeneous medium͒ and ͑b͒ ⌬ϭ0.1. The mesh has 357ϫ357 grid points and the source is applied at grid point ͑178, 178͒. The compressional waves are labeled P1, P2, and P3, and the shear waves are labeled S1 and S2. 
VII. CONCLUSIONS
We have developed a numerical algorithm for wave simulation in a frozen porous medium with nonuniform water content. The differential equations are based on a threephase Biot-type theory. The algorithm, which is second-order accurate in time and has spectral accuracy in the space variable, allows general material variability and provides snapshots and time histories of the rock frame, ice matrix, and water particle velocities and corresponding stress components.
In the process of freezing two major events are the formation of ice crystals ͑nucleation͒ and the subsequent increase in size of these crystals. In rocks, this process occurs first in the larger pores ͑due to surface-tension effects͒. Hence, the degree of freezing is not spatially uniform. The example shows how to model realistic freezing conditions with a fractal distribution of the water ͑or ice͒ content. The modeling algorithm can be used to predict ultrasonic velocities and attenuation for frozen porous media. ͑Attenuation can easily be incorporated by using a viscoelastic stressstrain relation.͒
APPENDIX A: EXPRESSIONS OF THE THEORY
The following expressions correspond to the theory of wave propagation in three-phase porous media, 2, 6, 7, 8 where 1, 2, and 3 denote quantities related to the sand grains, water, and ice, respectively.
The friction coefficients are
where w and w are the viscosity and proportion of water, and s and i are the rock-and ice-frame permeabilities ͑see below͒. The consolidation coefficients of the rock and ice frames are
where s , i and K s , K i are the proportions and bulk moduli of the sand grains and ice, respectively, K sm is the bulk modulus of the rock frame, and
is the bulk modulus of the ice frame, where K max is KusterToksöz's bulk modulus of the ice matrix. The off-diagonal coupling moduli are
is the average bulk modulus and K w is the bulk modulus of water.
The ice content can be expressed as
The diagonal coupling moduli are
The permeabilities of the rock and ice frames are
where s0 and i0 are reference values. The components of the rigidity matrix are
is the shear modulus of the rock frame, smKT is the KusterToksöz shear modulus of the rock frame, sm0 is the shear modulus of the rock frame at full water saturation,
is the shear modulus of the ice frame, max is KusterToksöz's shear modulus of the ice frame, and
is the average shear modulus, with being the angular frequency, and s and i being the shear moduli of the sand grains and ice, respectively. The consolidation coefficients of the rock and ice frames are FIG. 5 . Time histories corresponding to w ϭ0.1 ͑solid line͒, w ϭ0.03 ͑dashed line͒, and w ϭ0.18 ͑dotted line͒, with ⌬ϭ0.02 in all the cases. The source-receiver distance is 6 cm. The source-receiver line makes an angle of 30°with the vertical direction. The pulses correspond to the P1 and S1 waves ͑see velocities in Fig. 1͒ . 
Equation ͑A2͒ should be used with caution, and it is convenient in most of the cases to use a 13 and a 31 as free parameters, as well as the friction coefficient b 13 between the sand grains and the ice.
APPENDIX B: STRAIN ENERGY
First, let us clarify the meaning of the different averaged stress tensor components. Assume that mϭ1 and 3 refers to the solid components ͑sand grains and ice, respectively͒, and define s i j (m) as the average values of the stress tensor over ⍀ m . Then, the contributions of the solid phases to the total stress tensor are i j
, according to Eqs. ͑1͒ and ͑14͒. We introduce the averaged components per unit volume of solid ͑grains plus ice͒, i j (1) , through the relations i j (1) ϭ(1 ϪI) i j (1) and i j (3) ϭI i j (3) . The approach to evaluate the variation of strain energy, and, therefore, the generalized coordinates and corresponding conjugate variables, follows the development given by Biot 10 and Carcione 12 for a two-phase porous medium. Let us consider a volume ⍀ of porous material bounded by the surface S. Assume that ⍀ is initially in static equilibrium under the action of the surface forces-per unit volume of bulk material acting on the three phases. These forces can be written as
where n j are the components of the outward unit vector perpendicular to S. Assume that the system is perturbed by 2) , and ␦ f i (3) , and let V(␦ f i (1) ,␦ f i (2) ,␦ f i (3) ) be the strain-energy density, and
be the complementary energy. Strictly, V should be the complementary strain-energy density; however, for linear stress-strain relations, V is equal to the strain-energy density. 17 The complementary energy theorem states that of all sets of forces that satisfy the equations of equilibrium and boundary conditions, the actual one that is consistent with the prescribed displacements is obtained by minimizing the complementary energy. 17 Then, ␦V*ϭ0, and
͑B3͒
We have from Eq. ͑B1͒ 
͑B6͒
Because the system is in equilibrium before and after the perturbation, and the fluid pressure is constant in ⍀, the stress increments must satisfy 
